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Abstract
We investigate D-brane instanton contributions to R4 couplings in any toroidal com-
pactication of type II theories. Starting from the 11D supergravity one-loop four-
graviton amplitude computed by Green, Gutperle and Vanhove, we derive the non-
perturbative O(e−1=) corrections to R4 couplings by a sequence of T-dualities, and
interpret them as precise congurations of bound states of D-branes wrapping cycles
of the compactication torus. Dp-branes explicitely appear as fluxes on D(p + 2)-
branes, and as gauge instantons on D(p+4)-branes. Specic rules for weighting these
contributions are obtained, which should carry over to more general situations. Fur-
thermore, it is shown that U-duality in D  6 relates these D-brane congurations
to O(e−1=
2
) instantons for which a geometric interpretation is still lacking.




Although a non-perturbative denition of superstring theory is still elusive, the discov-
ery of string dualities has made it clear that this theory should include various p-brane
objects in its BPS spectrum. Under compactication, these objects can wrap on r-cycles
of the compactication manifold to yield (p− r)-branes in lower dimensions, or instanton
congurations if r = p+ 1 [1]. An exact calculation of physical couplings should take these
instanton eects into account, but the rules for weighting them are still largely unknown.
In some cases, the constraints of duality are strong enough to determine the exact non-
perturbative completion of these couplings [2, 3, 4, 5, 6, 7], thereby opening a window on the
string theory instanton rules. This way, D-instantons [3], D-particles [8, 9] and (p; q) strings
[10] contributions to R4 couplings in toroidal compactications of type II string have been
brought under control, as well as general D-brane contributions to four derivative couplings
in K3 compactications of the same [5]. In this letter, we want to take a more systematic
approach to this problem, and derive the contributions of general Dp-brane instantons to
R4 couplings in toroidally compactied type II theory, by applying a sequence of pertur-
bative T-dualities on the well understood D-particle contribution. Imposing S-duality will
force us to include additional contributions, the origin of which remains to be elucidated.
The general contribution of D-particles to R4 couplings in toroidally compactied type
IIA theory has been obtained in Ref. [9] from the one-loop scattering amplitude of four














where gIJ is the volume V11 metric of the torus in eleven-dimensional Planck units. The
sum runs over (N+1)-uplets of non-zero integers (as denoted by the hat over the sum) dual
to the momentum of the supergraviton running in the loop. In terms of type IIA variables,










where the eleven-dimensional radius R11 is related to the type IIA coupling [11] through
{3{
R11 = e
2=3 = 2=3, and gij denotes the metric in the string frame. The Kaluza{Klein
connection A coincides with the Ramond{Ramond (RR) one-form gauge potential of type
IIA superstring (RR potentials will be denoted by curl letters in the following). Going
to the string frame and Poisson-resumming on n11 ! m (the details of the procedure are























In the above expression, V is the volume of the N-torus in string units, (3) is Apery’s





















The expansion in Eq. (3) precisely displays the tree-level and one-loop eld-theoretical
perturbative contributions to R4 couplings, together with a sum of non-perturbative in-
stantons that can be interpreted as D0-branes (or D-particles) whose Euclidean world-line
winds on minimal cycles of the N-dimensional compactication torus. This is hardly sur-
prising, given the fact that the type IIA eld theory is the dimensional reduction of 11D
supergravity under which the D0-branes are the Kaluza-Klein modes [11]. Indeed, the




nigijnj + i n
iAi (5)
is precisely the Born-Infeld action of a D0-brane wrapped on a cycle
P
niγi of the N-
torus. The integer charge m can be interpreted as the number of D0-brane bound together,
and emerges as the momentum of the supergraviton along the eleven-dimensional circle.
Moreover, Eq. (4) shows that each D0-instanton background receives an innite number of
perturbative corrections, whose coecients are easily obtained from the asymptotics of the
K1 Bessel function.
{4{
Equation (3) therefore gives a precise prescription for including the eect of D0-brane
instantons, at least for the case of the above R4 couplings. Even if one could have guessed
the form of the instanton sum, it is by no means clear how one could have obtained the
precise summation prescription including the \zero-mode" factors in Eq. (4) from rst
principles, not to mention the perturbative corrections around the instanton background.
Note that Eq. (3) also leaves room for interpretation, since we could rewrite it as a sum over
the winding numbers mi = m ni and thereby obscure the role of bound states of D0-branes.
Note however that this would introduce a Jacobian (fmig) =
P
Djmi 1, whereas we would
not expect arithmetic functions to enter instanton calculus when formulated in terms of
the natural objects. This \naturality" argument is a useful guideline in understanding
instanton calculus rules.
Here we want to generalize this result and investigate the form of higher-dimensional
D-brane corrections, which we will obtain by T-duality from the above result. It will
be sucient for our purposes to use a sequence of T-dualities on one cycle (say the rst
direction) of the compactication torus. To do this, it is convenient to decompose the
N-dimensional torus as a U(1) bration:
ds2 = R2(dx1 +Aadx
a)2 + dxagabdx
b ; Ba = B1a ; (6)
where Bij denotes the Neveu-Schwarz (NS) two-form. T-duality in the NS sector takes the
well-known form:
R$ 1=R ; Aa $ Bb ; Bab $ Bab −AaBb +BaAb ; e
−2R = const: ; (7)
mapping IIA to IIB. Note that in contrast to usual practice we do not canonically reduce
the NS two-form Bab on the rst circle, so that our Bab is not inert under T-duality. In
order to write down the action on the RR gauge potentials, it is convenient to group them




24 Aidxi + Cijkdxi ^ dxj ^ dxk + : : : ; type IIA
a+ Bijdxi ^ dxj +Dijkldxi ^ dxj ^ dxk ^ dxl + : : : ; type IIB
(8)
{5{
The action of T-duality can now be written as:
R$ 1  R+ 1 ^R (9)
where the operators 1 and 1^ are the interior and exterior products with the rst direction,
for instance
1  C = C1ijdx
i ^ dxj ; 1 ^ C = Cijkdx
1 ^ dxi ^ dxj ^ dxk (10)
In particular, Dp-brane states charged under the RR (p + 1)-form potential are mapped
to states charged under both the p- and (p + 2)- forms of the dual theory, therefore to a
superposition of D(p − 1)- and D(p + 1)-branes. Note that Eq. (10) holds only at zeroth
order in the NS 2-form. Indeed, the lower components of the RR elds a and Ai have (at
the perturbative level) Peccei{Quinn symmetries, and should therefore be mapped to elds
with a Peccei{Quinn symmetry as well. However, a constant (SL(2; IR)) shift a ! a + c
of the type IIB RR scalar has to be accompanied by a transformation of the RR two-form
B ! B − cB, so that only ~B = B + aB has a Peccei{Quinn symmetry. The correct
mapping is therefore Aa ! ~B1a, and Bab ! C1ab. A similar correction occurs in the
C ! ~D = D +B ^ B +aB ^ B transformation.
Our rst aim is to study the action of T-duality on the classical action of the D0-brane




(n1 +B1ana)2 + na g11gab nb + i (n
1a+ na ~B1a) : (11)
As it stands, this result is denitely not invariant under SL(N;Z ) reparametrizations of
the N-torus. It can however be made invariant by reinterpreting n1 as a scalar charge n,
and introducing a two-form integer charge nij = −nji of which na is simply the component












nij gikgjl nkl + i (na+
1
2
nij ~Bij) ; (12)
and states corresponding to images of D0-branes under T-duality on the rst circle corre-
spond to nij = 0 except for i = 1 or j = 1. This condition can be cast in a more intrinsic
{6{
form by noting that states obtained from the D0-brane by T-duality on any circle are such
that Rank nij = 2. Therefore T-duality a priori only requires a sum over n; nij such that
nij has rank two (at most). Note that this restriction is immaterial for N  3.
We now show that Scl has a natural interpretation as the Born{Infeld action of the
type IIB D-string wrapping on two-cycles of the internal torus. The D-string is described
by N embedding coordinates X i together with a U(1) gauge eld A living on the two-
dimensional world-volume. Supersymmetric mappings of a two-torus to a N-torus are
described by a set of 2N integers N i:
X i = N i
 ; (13)
where  are the coordinates on the D-string worldsheet torus. The gauge eld in two
dimensions consists only of its zero-mode part, and its curvature, being the rst Chern
class of a U(1) bundle, has to have integral flux:
F = n  : (14)
We can therefore evaluate the Born{Infeld action on this conguration and nd (hatted














nij gikgjl nkl ; (15)
in precise agreement with Eq. (12), upon identifying
nij = N iN
j
 : (16)
The integer two-form nij is independent from the parametrization of the D-string world-
sheet, and describes the homology class of the two-cycle inside the N-torus. Note in
particular that Rank nij = 2. Moreover, the phase in Eq. (12) is easily seen to be reproduced
by the topological coupling on the D-string world-sheet [12]:
Z
eB^+F ^ R^ =
Z 




nij ~Bij : (17)
{7{
This coupling here appears as a simple consequence of T-duality. Setting nij = 0, the
action (12) reduces to n times the action of a D-instanton Scl = a+ i e. The integer flux
n can therefore be identied with the D-instanton charge, and the D-string with n 6= 0 as a
\bound state" 1 of a D-string with n D-instantons. This is closely related to proposals for
bound states of Dp- and D(p+4)-brane [12, 13], but here occurs between Dp- and D(p+2)-
branes due to the existence of nontrivial fluxes on a torus. The integer m again corresponds
to the number of D-strings bound together, and there is no sign of the non-abelian nature
of the interaction [13] in our result.
The sum over D0-branes winding around the cycles of the compactication manifold



















As in the case of the D0-brane, by virtue of the asymptotic expansion of the K1 Bessel
function, this sum exhibits an innite series of perturbative corrections around each D-
string background. The interpretation of the \zero-mode" part in front of e−2Scl is by
no means clear at this point. However, it becomes transparent by going to an alternative
description, namely a sum over (p; q) string world-sheet instantons, which was the object
of Ref. [10]. This description is obtained by performing a Poisson resummation over the
D-instanton flux n (this is similar to the transformation from an instanton vacuum to a 
vacuum, but for the fact that the D-instanton is really a flux and not a gauge instanton).



















where  = a + ie is the type IIB SL(2;Z ) modulus. The term with (p; q) = (1; 0)
1We shall make a rather loose use of the term \state", keeping with the philosophy that instanton eects
in dimension D can be seen as loops of physical states in dimension D + 1. This seems to fail for the case
of the D-instantons.
{8{









dij gikgjl dkl ;
(20)
where dij = N iN
j
 and the sum runs over the dierent SL(2;Z ) orbits of N
i
 such that
the dij are not all zero. Indeed, it can be checked that the number of orbits corresponding
to a given rank-2 set of dij with greatest common divisor D is
P
ljD l (this generalizes the re-
sult obtained in Ref. [10] for the particular cases of N = 2; 3); the sum over the integers N i
modulo SL(2;Z ) can then be traded for a sum over l and the rank 2 nij = dij=l integer ma-
trix, with Jacobian l. This indeed reproduces Eq. (19), and justies the rather mysterious
\zero-modes" coecients. The (p; q) string therefore appears as a coherent superposition
of p D-strings with an arbitrary number of D-instantons, and not as a superposition of p
D-string and q D-instantons as one might have naively guessed. Moreover, the (p; q) string
background appears to generate no perturbative corrections, in contrast to what occurs
around a D-string background in Eq. (18). These perturbative corrections are eectively
summed up by going to the \ vacuum".
Having obtained the type IIB D-string instanton eects from the knowledge of the type
IIA D0-brane contribution, we now want to investigate higher-brane eects in type IIA by
applying one further T-duality. A generic D-string{D-instanton conguration will now be
mapped to a superposition of D0-branes that we started with and D2-branes, which we
shall again discover by covariantizing the result under the reparametrization group of the






























Dening n1 = n; ni = n1i and introducing the three-form integer charge nijk such that





























When nijk = 0, we recover the action for the D0-brane we started with. nijk 6= 0 on the
other hand corresponds to states charged under the type IIA RR three-form, therefore to
D2-brane states. The transformation of the integer charges can be conveniently summarized




24 nidpi + nijkdpi ^ dpj ^ dpk + : : : ; type IIA
n+ nijdpi ^ dpj + nijkldpi ^ dpj ^ dpk ^ dpl + : : : ; type IIB
(23)
which transforms under T-duality in the same way as R, namely N $ 1  N + 1 ^N . We
note that the set of charges obtained by T-duality from Eq. (15) satises the conditions
Rank N3 = 3 (i.e. N3 ^ N3 = 0) and N1 ^ N3 = 0. The imaginary coupling to RR gauge
potentials can now be written as N  R and is now obviously invariant under T-duality.
We now would like, in the same spirit as before, to identify the actual D2-brane con-
guration corresponding to Eq. (22). The wrappings of the D2-brane world-volume on
the compactication N-torus are now described by a set of 3N integers N i (where now
 = 1 : : : 3), transforming as N triplets under the reparametrization group SL(3;Z ) of the
three-torus. Evaluating the Born{Infeld action for this conguration leads precisely to the
action (22), upon identifying








γN iFγ : (24)
This identication is in perfect agreement with the conditions Rank N3 = 3;N1 ^N3 = 0.
Again, the D0-brane appears as a non-trivial flux of the U(1) gauge eld on the D2-
brane world-volume. As a side remark, we note that the world-sheet coupling yielding the
imaginary part of Eq. (22) is
R
C^ + F ^ A^, and not
R
C^ + (F + B^) ^ A^ as claimed in Ref.
[12]. The latter would conflict not only with T-duality but also with gauge invariance,
since a gauge transformation of the NS two-form B ! B + d has to be accompanied
with a transformation of the RR three-form C ! C +A ^ d, as required by the common
eleven-dimensional origin of B = C(11)11ij and C = C
(11)
ijk +AiBjk +AjBki +AkBij .
{10{



















At this point, we have to ask whether this result is consistent with U-duality. In particular,
seen as a M-theory coupling, it should be invariant under SL(N + 1;Z ) reparametrizations
of the (N + 1)-torus, as was the case for the D0-brane contribution of Eq. (1), obtained
by Poisson resummation on m! n11 from the loop amplitude Eq. (3). We therefore carry










































By a now familiar line of reasoning, we discover that eleven-dimensional covariance forces





















For N = 3, that is for seven-dimensional type IIA string theory, the above expression is sim-
ply a rewriting of Eq. (27) which makes SL(3+1;Z ) invariance manifest. Quite satisfyingly,
it is also invariant under the full SL(5;Z ) U-duality group. Indeed, it can be checked (for
instance by applying a T-duality on the type IIB SL(5; IR) symmetric matrix in Eq. (5.12)
of Ref. [10]) thatM2 in Eq. (28) is the norm of the integer vector (n1; n2; n3; n4; n1234) under
the quadratic form parametrizing the scalar manifold SL(5; IR)=SO(5)2. The R4 coupling
2up to a factor V
−4=5
11 , that would appear by translating Eq. (26) to the Einstein frame.
{11{
in Eq. (26) can therefore be expressed as a weight-3/2 Eisenstein series for SL(5;Z ), as
already found in Ref. [10] from the type IIB point of view.
For N  3 however, we nd more integer charges in Eq. (28) than expected from D0-
and D2-brane states in Eq. (27). For six-dimensional type IIA string theory (N = 4), the
D-brane charges n11; ni; nijk together with the extra integer n1234 ll in a 10 representation
(nI ;mI = IJKLMn
JKLM) of the SO(5; 5;Z ) U-duality group, in such a way that M2 is
duality invariant. The R4 amplitude is therefore again given by a weight-3/2 Eisenstein
series for SO(5; 5;Z ), proving the conjecture in Ref. [10]. The correct interpretation of
states with non-zero nijkl is still missing at this stage. It can easily be checked that they
give rise to non-perturbative eects of order e−1=
2
, much smaller that the eects of D-
brane instantons. They however appear on the same footing as D2-branes from the eleven-
dimensional point of view, and presumably also originate from the M-theory membrane,
although their quantum numbers nIJKL; nI would be more suggestive of a 3+1 extended
object with a three-form on the world-volume.
Leaving these exotic states aside for now, we can pursue our line of reasoning one step
further, and obtain the D3-brane contribution by T-duality from the D2-brane result in












































together with the constraints N2 ^N2 = N0N4 and N2 ^N4 = 0. This turns out to be the
eective action of a D3-brane with the identications
















The above constraints generalize the condition Rank N2 = 0, i.e. N2 ^ N2 = 0, that we
previously found in the absence of D3-branes. The D-string therefore appears as a flux
{12{
on the D3-brane, while the D-instanton is nothing but a gauge instanton in the world-
volume gauge theory3. This equivalence between topological invariants of a gauge bundle
and wrapping of D-branes is simply a reflection of the isomorphism between the integer
cohomology lattice, in which the characteristic classes take their values, and the integer
homology lattice, which describes the possible wrappings of extended objects on the man-
ifold.
We could reiterate this reasoning a few times in order to obtain the contributions of
D-4 and higher-branes, but the pattern is by now clear, and the generalization of Eqs. (22)
and (29) obvious. Note moreover that for any nite value of N , the process terminates
and yields a result invariant under T-duality. However, it is by no means guaranteed to be
invariant under U-duality. In fact, just as in the type IIA case, the SL(2;Z ) symmetry
of type IIB string theory forces us to introduce extra states, that we can simply obtain by










































































In the above expression, n; nij; nijkl are the D-brane charges in Eq. (29), m is the Poisson
dual of the integer m in Eq. (18), i.e. the analog of n11, and mijkl is the image under T-
duality of the type IIA exotic four-form nijkl. Note that in contrast to D-brane charges, the
rank of this form is not changed under T-duality. Under SL(2;Z ) duality, the following
3Actually, anti-self-dual U(1) connections do not exist on a torus with a generic flat metric. What we
really mean here is that the D-instanton number appears as the rst Pontryagin number of the U(1) bundle
on the 3-brane world-volume. I am grateful to P. van Baal for correspondence on this subject.
{13{









while Dijkl;  = e=V 4=N and ~gij = V −2=Ngij are inert. Eq. (31) is manifestly invariant under
these combined transformations. Ironically, we nd that the description of the type IIB
three-brane, claimed to be a singlet under SL(2;Z ), requires the introduction of a doublet
of wrapping charges, while the description of the (p; q) string only requires a singlet of
wrapping charges nij (together with the doublet m;n). Moreover, the action of SL(2;Z )
duality looks very dierent from the electric-magnetic duality considered in Ref. [14]. It
would be very interesting to understand Eq. (31) from brane dynamics.
In this letter, we have obtained the explicit form of contributions of D-brane instantons
to a particular coupling, namely R4 in N = 8 type II superstrings. This coupling is
related by supersymmetry to terms with sixteen fermions, and therefore can only receive
contributions from BPS states breaking one half of the supersymmetry. Starting from
the D0-brane contribution, we found by T-duality contributions from D-branes wrapping
supersymmetric cycles of the compactication manifold, and obtained a denite rule for
weighting these objects. Several points would deserve clarication.Primo, it is not clear why
the Russian doll structure we exhibited, in which Dp-branes are fluxes in D(p+ 2)-branes,
instantons in D(p + 4)-branes, etc., does not further break supersymmetry. Secundo, it
seems that for describing the bound states of these objects only the U(1) gauge eld on
the world-volume is relevant, whereas these bound states should in principle correspond to
normalizable ground states of a U(N) gauge theory on the world-volume. Tertio, the rule for
summing higher-brane contributions, namely summing over the cycles nijk::: on which the
p-brane wraps, appears to dier from the rule for the fundamental string, where one sums
over the winding numbers N i modulo the action of the mapping class group SL(p+ 1;Z )
(p = 1). The two rules dier by a Jacobian which involves arithmetic functions of the
nijk:::, and in this sense, using the fundamental string rule in the Dp-brane case would
{14{
be unnatural, while it is natural in the (p; q) string case. Finally, one should ask how
these rules carry over to more general couplings. Couplings related by supersymmetry
will denitely exhibit the same instanton contributions, but with dierent vertex insertions
modifying the prefactor in Eq. (4). Couplings related by supersymmetry to terms with more
than 16 fermions will receive contributions from BPS instantons breaking more that half
of the supersymmetries, together with the present ones. It would be interesting to obtain
the prefactors of these instanton eects from a careful string computation. Eventually, one
would also like to reproduce these results from Matrix Theory[15].
Furthermore, we have shown that U-duality forces the inclusion of extra states beyond
the familiar D-branes. On the type IIA side, these states appear as D2-branes boosted
along the eleventh dimension, whereas on the type IIB they are obtained by a SL(2;Z )
duality transformation from the D3-branes. A distinct feature of these states is that their
contributions scale as e−1=
2
, and are much smaller than the usual D-branes. It would
however be very interesting to elucidate their nature.
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